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Abstract
Gliding extended range projectile is restricted by such conditions as the speed, the engine thrust force, the engine work time and the impact point
speed inclination when attaining the longest range. To simplify the problem and acquire a well-designed trajectory, a phase-based method for
optimizing the overall trajectory is presented. The overall trajectory is divided into the boosted phase, the cruise phase, the gliding phase and the
terminal guidance phase. After overall consideration of the constraints and index requirements of all phases, different methods were used to
optimize each phase, including the optimal angle of firing design, the design for minimizing energy loss, the optimal glide design and the terminal
phase dive method, so as to optimize the overall trajectory. Simulation results show that the designed trajectory can meet the design requirements
for multiple constraints and achieve the longest extended range as well as 10 km–70 km whole range coverage. The conclusion is of certain
significance in developing rocket projectiles.
© 2016 Production and hosting by Elsevier B.V. on behalf of China Ordnance Society. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
Gliding extended range is one of the effective means for
rocket projectile to achieve the aim of striking target over a
long distance and a good trajectory design one of key technologies
to achieve long-range gliding. The rocket projectile’s trajectory
should meet not only the design of optimization principle but
also various restrictions in the flying course of rocket projectile.
Jepps made a summary introduction to the law of motion of
gliding trajectory and characteristics of trajectory in Reference
[1]; Fleck theoretically gave a particular introduction to the
capacity of shell’s gliding extended range and characteristics
of aerodynamic force in Reference [2]; Yi et al. gave a more
particular introduction to the theory of flight of gliding extended
range missile in Reference [3]; in Reference [4], modeling and
simulation were conducted on trajectory of gliding extended
range shell but restrictions received in the flying course of
rocket projectile were not studied; Li et al. carried out optimization
of trajectory for boost-glide missile using prevailing sequential
quadratic programming in Reference [5]; in Reference [6],
gliding extended range shell’s gliding distance was expressed
as the function of atmospheric density through simplification
and the analytical expression of maximum gliding distance
was obtained by derivative calculation, but problem of trajectory
design before glide was not considered; Chen et al. introduced
optimized Genetic Algorithm and obtained a satisfactory result
regarding the problem of optimized design of reentry trajectory
of repeatable vehicle in Reference [7]; in Reference [8], gliding
trajectory was designed with two methods that centripetal
acceleration is zero and lift-to-drag ratio maximum in gliding
stage; in Reference [9], to obtain the optimal gliding trajectory,
variable metric non-uniform distributed parameterizing and
sequential quadratic programming were combined using
time-domain-controlled non-uniform discrete distribution; in
Reference [10], the calculation formula of the maximum gliding
distance was derived in certain assumption condition according
to the characteristics of aerodynamic force and trajectory of
gliding extended range shell; in Reference [11], whole-range
trajectory was divided into trajectory stage and gliding stage
and both stages were optimized in design by different methods;
in Reference [12], the most optimal trajectory of air-to-ground
missile was obtained in two-dimensional condition with immediate
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ScienceDirect
means; in Reference [13], trajectory optimization method based
on Gaussian pseudo-spectral method was proposed, and with
which status variable and control were dispersed, optimal control
method was substituted by nonlinear programming and finally
it was solved with sequential quadratic programming; in Reference
[14], a framework using dynamic programming to optimize
trajectory was set up based on one status node in each stage.
This paper, on the basis of referring to the aforesaid research
fruits, considered various constraint conditions in the course of
flight and carried out the research on the problem of optimizing
whole-range trajectory when missile launch starts.
This paper focuses on a kind of guided rocket projectile
flying at subsonic speed. To realize accurate strike, we adopted
INS/GNSS integrated navigation + infrared imaging terminal
guidance. Booster and variable thrust solid rocket engine are
used in the rocket as two-stage engine, in which the thrust
force of the second-stage engine is adjustable between 400 N
and 900 N to make its speed stay at 0.8 Mach, so as to maintain
relatively lower drag and stable aerodynamic parameters. However,
it can not be shut down midways after it has been started and
must maintain a thrust force of 400 N till the fuel is used up,
even when the rocket flies at an exceedingly fast speed and
needs to be slowed down. Furthermore, limitations of the
combustion chamber dictate that the work time of the engines
must not exceed the tolerance value, which set limits to its fuel
loads and consumption strategies. The range coverage design
for the rocket is 10 km–70 km. In order to meet the long range
targets and due to speed and fuel limits, the trajectory must be
optimized by design, so that the firing range can be maximized
under current conditions. Therefore we take maximizing the
range as the overall optimization objective. In the last phase,
the rocket must not only hit the target with high accuracy, its
speed inclination angle at the impact point must be higher than
certain angle. Constraints to the rocket include range constraint,
velocity constraint, engine thrust force constraint, engine work
time constraint and impact point speed inclination angle constraint.
Therefore the design comes down to optimal design of range
under condition of multiple constraints. We divided the overall
trajectory into the boosted phase, the cruise phase, the gliding
phase and the terminal guidance phase. Different optimization
methods were adopted for different phases in light of phase
constraints and optimizing indexes.
2. Trajectory phase segmentation and task division
The designed trajectory should meet all constraints, such as
the range constraint, the speed limit, the engine thrust force
constraint, the engine work time constraint, and the impact
point speed inclination constraint. These constraints normally
work at certain points of the trajectory. Though there is only
one objective of maximizing the range, the flight characteristics
of the projectile in different phases of the flight vary greatly
and the optimizing index for these phases may be expressed
differently. In order to simplify the question and facilitate the
design, different phases of the trajectory should be divided and
described. For example, Doc. [6] uses dynamic planning methods
to optimize the trajectory framework, where chief optimal control
becomes a recurrent function of the multiple-phase determination
process based on the core optimality principle, and the multiple
phase process becomes a series of single phase problems to be
resolved one by one. Whereas the subject of this article can be
resolved into a series of singe-phase optimal design and the
multiple-objective goals can be fulfilled through satisfaction of
the optimal objective for each phase (Fig. 1).
The rocket trajectory is divided into four phases based on
the engine work characteristics and gliding extended range
characteristics and terminal guidance characteristics: namely
the boosted phase, the cruise phase, the gliding phase and the
terminal guidance phase. These phases have different flight
characteristics, design requirements and optimal goals, described
as below:
2.1. Boosted phase
The boosted phase is the working stage of the boost engine.
This phase, in which the rocket projectile increases its speed
from zero to near the cruise speed, is characterized by short
work time and wide-ranging flight speeds. This restricts the
adjustment of trajectory parameters in the boosted phase within
a very small range where it is basically straight flight. There-
fore, the variable that needs to be optimized in the boosted
phase is the launch inclination angle. The ballistic trajectory of
the said phase is basically determined once the launch inclina-
tion angle is obtained. The state at the end of the booted phase
is the initial conditions of the cruise phase.
2.2. Cruise phase
The engine continues to work at the cruise phase, but the
missile basically maintains a maximum permissible speed, and
the kinetic energy is stably maintained and most of the engine’s
energy is converted to potential energy. Meanwhile, as there is
a longest work time limit to the engine, the shape of the trajec-
tory must produce drag enough to make the fuel in the com-
bustion chamber burn out in a given time.
The firing range of rocket projectiles is 10 km–70 km. If the
range is too close, the rocket will fly over the target before the
end of the cruise phase, so the trajectory should be driven down
in the cruise phase. On the other hand, if the voyage is long,
energy loss should be minimized to ensure the range. When the
rocket flies downward, it sustains both the thrust force and the
boosted cruise gliding terminal
Fig. 1. Phase division.
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pull of gravity, which easily makes the rocket speed exceed the
specified Mach. Meanwhile, in order to ensure the engine fuel
is used up in a specific time and the speed is lower than the
limited speed, a necessary slowdown strategy must be adopted.
In view of this, the lateral reversal-based energy dissipation
method is adopted.
The optimization objective in the cruise phase is to minimize
the energy loss when the range is long and meet various con-
straints when the range is near. The optimization variables are
trajectory inclination angle and engine’s thrust force.
2.3. Gliding phase
In the gliding phase, energy acquired by the rocket in the
boosted and cruise phases and the lift force generated by the
projectile body and steering engine are utilized to achieve the
expected range of the missile. As the initial values have been
determined by the cruise phase, the question is how to achieve
the longest gliding range under given initial conditions, with
gliding distance as the optimization object and angle of attack
or lift-drag ratio as the optimization variables.
2.4. Terminal guidance phase
In the terminal guidance phase, the rocket is guided by the
data of the homing head to meet the guidance precision require-
ments as well as the impact point speed angle. One of its major
features is that it can design angle constraint’s guidance law
according to the target information which makes the rocket
attack the target at an expected angle with a desired guidance
precision.
3. Optimal trajectory design of boosted and cruise phases
3.1. Trajectory design of boosted phase
The boosted phase of the gliding extended range rocket has
a very short time and the flight speed can not attain enough
aerodynamic efficiency quality, so the boost phase design is
without control and the single quality to be optimized is the
initial launching angle, and the following restrictions should be
met.
(1) The launching angle should fall within the limit as per-
mitted by the launchers.
(2) The launching angle should be so selected as to make the
rocket speed lower than the speed of sound after the
boosted phase is ended.
When the above constraints have been met, the incident
angle is optimized to ensure that the rocket projectile has an
optimal altitude of velocity after the boosted and cruise phases
so as to achieve largest range possible.When the cruise phase is
determined, different incident angles correspond to the states of
different terminal points in the cruise phase, where the optimi-
zation is a matter of optimizing a single variable. In this article,
strategies for the cruise and gliding phases are first determined
and then numerical simulation method is used to traverse-
search an optimal launching angle that guarantees the longest
range.
3.2. Trajectory design of cruise phase
Rocket energy is accumulated in the cruise phase. The
design is to minimize its energy loss while meeting speed,
engine thrust force, and engine work time constraints.
3.2.1. Trajectory design of minimum energy loss
In the whole cruise phase, energy loss mainly comes from air
drag, expressed as:
X V CD=
1
2
2ρ (1)
where ρ is air density, V is air vehicle’s flight speed, and CD is
drag coefficient. As atmospheric density gradually changes
with altitude, the air vehicle can be considered as seeking a path
of the least energy loss within media of different densities.
As shown in Fig. 2 for the above question, air density under
the line DE is ρ ρ= 1; air density above the said line is ρ ρ= 2;
Point A’s coordinates are x yA A,( ); B’s coordinates are
x yB B,( ) ; C’s coordinates are x yC C,( ). Assume the path from
Point A to Point B is: A to C by straight line and C to B by
straight line. Assume energy loss in a unit length is directly
proportional to air density. When the missile moves under Line
DE, the energy for a unit length can be set as ρ1; when it moves
above Line DE, the energy for a unit length can be set as ρ2.
The question is how to locate Point C to make energy loss along
path ACB lower than that in any other paths which connect
Point A and Point B.
Energy loss from A to B via C is:
f AC CB= +ρ ρ1 2 (2)
When the incident angle is α, x y y tg xC C A A= −( ) +α .
Introducing coordinates of the points into Equation (2).
f AC CB
y y
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(3)
Fig. 2. Energy loss of air vehicle traveling in media of different densities.
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Calculating the partial derivative of α for the above
equation:
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∂
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When the f value is the minimum:
∂
∂
=
f
α
0 (5)
With regard to the geometrical relation in Fig. 3, we get:
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We carry Equation (6) into Equation (5) and get:
AC tg
ACρ α ρ β
α
1 2 0( )−
( )
( )
=
sin
cos
(7)
Then arrive at:
sin
sin
α
β
ρ
ρ
( )
( )
= 2
1
(8)
When the initial trajectory inclination is known, the follow-
ing inclinations can be calculated in sequence and the course of
the whole cruise phase is thus determined.
3.2.2. Engine work time constraint handling
In areas with high altitude, as the air is thin and the atmo-
spheric density is low, aerodynamic drag may be excessively
low. Therefore the thrust force of the engine should not be too
much in order to ensure the flight speed is lower than expected.
So it is difficult to make sure the fuel is all consumed within a
specified time. In light of the work time constraint of the
engine, this article aims to adjust the thrust force by predicting
the remaining fuel, to ensure the engine uses up its fuel and shut
down in the time limits.
After the boosted phase of the gliding extended range rocket,
the cruise engine starts to work and make it follow the designed
trajectory. When the cruise engine works steadily, the remain-
ing fuel in the engine after a space of allowed work times can be
calculated based on the limit that rocket speed should not
exceed the limited speed. If there is no fuel left, it indicates that
the prior design trajectory is workable; if there is fuel left,
trajectory in the cruise phase should be modified to make it
meet the time limits.
Flight time calculated through the gliding extended range
rocket IMU can be used to acquire the remainder of the flight
time. To consume all remaining fuel in the remaining time, the
flow of engine fuel should be restricted as follows:
m
m k v v m k v v m
m m k v v m
s
s v s v s
s s v s
=
+ −( ) + −( )<
+ −( )≥
⎧
⎨
⎪ 0 0
0
,
,
min
min min
⎪
⎩⎪⎪
(9)
m
m
t
s
l
l
min = (10)
where ms is the actual controlled burning rate of the engine,
msmin is the lowest burning rate under limits of engine work
time, ms0 and kv are control parameters of the engine, ml is the
remaining fuel and tl is permissible remaining time of the
engine.
When these constraints function, the rocket speed will abso-
lutely increase thus failing to meet the requirement that rocket
speed must be lower than 0.8 Mach. At this time the trajectory
shape should be changed to dissipate extra energy and ensure
speed limits.
3.2.3. Speed constraint handling
When the firing point has high altitude or the target is too near
to the firing point, the rocket speed can be higher than the limits
and the extra energy in the engine should be dissipated. A lateral
reversal-based energy dissipation method is thus presented.
By drawing upon the ideas of returning guidance from
NASA’s space shuttles we first designed a funnel boundary and
made the rocket move within the funnel. The nearer the rocket
gets to the target, the smaller the funnel becomes. The control
surface of the gliding extended range rocket is controlled, so
that with the standard trajectory as the datum line in a trans-
verse plane, the rocket reverses from left to right upon reachingFig. 3. Driving down trajectory.
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the funnel boundary and changes the altitude of the flight speed
to dissipate extra energy. The reverse strategy is:
β β β β
β β β
c
v
v
k v v q q
k v v q q
=
−( ) >
− −( ) <−
⎧
⎨
⎪⎪⎪
⎩
⎪⎪⎪
, *
, *
(11)
where k vβ is the increase in energy dissipation rate; qβ* is the
funnel boundary; q
z z
R
t
β =−
−⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟
−sin 1 , the subscript “t” means
the target.
4. Optimal trajectory design of gliding phase
The standard lift coefficient Cy of the rocket projectile is
defined as:
k C CL y y= / * (12)
where Cy* is the lift coefficient of the rocket projectile when it
flies with a maximum lift-to-drag ratio, Cy is the actual lift
coefficient. kL =1 denotes that the rocket is flying at the
maximum lift-to-drag ratio. Studies [2,7] show the optimal
controlled gliding trajectory and lift coefficient of control
kL =1 , which means that when the lift-to-drag ratio is the
maximum in the whole course, the difference between its flight
distance and the optimal controlled trajectory optimal
controlled glide distance falls within 1.5%.
In the gliding flight process, assume the moment applied on
the rocket is in equilibrium state each instant when the elevator
surface moves to one side – the “transient equilibrium”, then the
relation between the angle of rudder deflection and the equilib-
rium attack angle can be expressed as follows:
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α δ
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Simplifying it, we get:
C C k t Cy y z L yz
α δα δ⋅ + ⋅ = ( ) * (14)
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where q
V
=
ρ 2
2
, Cy
α and Cyz
δ are the differential coefficients of
the wing-body combination and the elevating rudder; α δ, z are
equilibrium attack angle and the angle of the rudder deflection
of the extended range projectile; S is the characteristic area
of the projectile body; xg , xp, xpg are whole rocket gravity
center, the pressed core of the wing-body combination and the
elevating rudder respectively; lδ is the distance between the
location of elevating rudder’s pressed core and the whole-
rocket gravity center; lα is the distance between the location of
the wing-body combination’s pressed core and the whole-
rocket gravity center.
Through simultaneous solution of Equations (14) and (15),
the equilibrium attack angle and angle of rudder deflection in
the gliding process can be expressed as:
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(16)
As can be seen, the relatively optimum lift coefficient
of control k tL( ) obtained through optimization of gliding tra-
jectory of the gliding extended range rocket can lead to a
relatively optimum rudder deflection law in the gliding process.
Therefore, methods such as for simultaneous solution of trajec-
tory equations can be used to design the gliding trajectory
directly.
The gliding trajectory can be designed based on the principle
that the lift-to-drag ration of every point on the gliding missile
is the maximum. Suppose:
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where Y Z, are the lift force and drag of the whole
rocket in the gliding phase, C Cx x z0 0, δ( ) are zero lift-drag
coefficient of the wing-body combination and k k1 2, are
induced drag coefficient of the wing-body combination and the
elevating rudder. Other symbols have the same meanings as
above.
After substitution of Equation (17) with the equilibrium
Equation (16) and simplification, we arrive at:
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That is:
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Suppose f
K
zδ( )=
1
, then:
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Equation (22) is the designed rudder deflection law of the
gliding extended range rocket. After introducing it into the
moment equilibrium expression (15), we obtain the designed
equilibrium attack angle expression:
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Equations (22) and (23) are the rudder deflection law δ z t( )
and equilibrium attack angle α t( ) designed according to the
maximum lift-to-drag ratio for every point of the gliding tra-
jectory. We can see that its change rule is chiefly related to the
aerodynamic parameters of the rocket in its gliding flight.
Through direct simultaneous solution coupled with the trajec-
tory equation, their changes in relationships and gliding trajec-
tory can be computed.
5. Terminal phase design
IR seeker is adapted in the terminal guidance phase, while
the line of sight and rate of line of sight can be measured. To
meet the incident angle constraint and to easily meet the termi-
nal guidance succession conditions, a driven down trajectory
adapted to the incident angle constraint is designed.
The driven-down trajectory is basically a section of trajectory
close to the gliding phase. From the missile IMU we can see the
real-time location and other information about the rocket projec-
tile. From known target information we learn the relative location
between the target and the rocket. In the gliding process, the angle
of sight of the target is calculated in real-time. When the angle of
sight is found to approach the desired incident angle, trajectory
starts to be driven down and aiming the rocket directly at the target.
As the incident angle is very near to the desired one and the
targeting is direct, the terminal guidance homing head is easy to
pick up the target. The trajectory driving down strategy is:
α θ θα α αc d dk q if q= −( ) <−( ), (24)
where k dα is the drive-down coefficient, q
y y
x x
t
t
α =
−
−
−tan 1 , and
θd is the desired incident angle.
After the seeker picks up the target, change over to the
augmented proportional navigation guidance law.
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
(25)
6. Results and analysis of mathematical simulation
The above phasing methods were applied in mathematical
simulation system and the cases with conditions of 10 km,
20 km, 40 km and 70 km have been simulated respectively;
with the results shown in Figs. 4, 5, 6, 7, the result of the Monte
Carlo simulation is that missile’s CEP is less than 10 m. From
the simulation result map we can see:
(1) The thrust force becomes zero in a specified time (140 s),
the fuel is burned out and the engine is shut down within
the time limit.
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(2) The energy dissipation strategy has effective outcome.
Before the performance of the terminal guidance, the
rocket speed is kept within 0.8 Mach; after the terminal
guidance has been performed, the speed increases some-
what but does not exceed the speed of sound.
(3) 10 km–70 km overall trajectory self-adaptive coverage is
realized, meeting impact point inclination constraint and
other constraints.
7. Conclusions
Based on the engine work characteristics and gliding
extended range characteristics and terminal guidance charac-
teristics, this article introduces a method for designing glide
extended range ballistic trajectory phase by phase. The rocket
trajectory is divided into four phases, namely the boosted
phase, the cruise phase, the gliding phase and the terminal
guidance phase. Multiple constraints during the flight have been
taken into consideration in the design. One dimension search is
used to optimize the trajectory in the boosted phase; a minimum
trajectory strategy is presented for the cruise phase. At the same
time, the fuel prediction method along with the energy dissipa-
tion method is used to meet the engine shut-down limits and the
rocket speed limits. In the gliding phase, the maximum lift-to-
drag ratio method is used to derive the deflection angle equation
so that the gliding phase is long enough to meet the maximum
range requirements; in the terminal guidance phase, a guidance
method is proposed for driving down the trajectory based on the
target information so that the projectile can attack the target at
a certain angle thereby improving its striking performance. The
simulation results show that the proposed trajectory design
approach achieves the longest extended range as well as 10 km–
70 km whole range coverage. It is not only self-adaptable
with regard to the range, but also meets various constraints,
which is of reference value in the design of this kind of rocket
projectiles.
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